
MHF 4U – Unit 7: Combining Functions  May 29, 2008. 

Review – Solutions  

Page 1 of 17. 

 

Use the following functions to answer questions 1 – 5 

   ( ) 12 −= xxf , x
xg 2)( −= , xxh sin)( = , )}7,4(),2,3(),1,2{(−=w , 

1
)(

+
=

x

x
xr , and xxl log2)( = ,  

 

1) Determine: 

a) wf +  

first determine the corresponding points in f(x) 

 
Then add the y values. 

{ })22,4(),10,3(),4,2( −=+ wf  

b) rf ⋅  

 

c) 
x

x

l

h

log2

sin
=  

d) fh �  

 
e) wg �  

substitute the y values in w, as x, into g(x) to 
determine the y values of the composition. 

 
{ })128,4(),4,3(),2,2( −−−−=wg �  

f) rw �  

since the y values of r will become the x 
values of w, we need to find the values of 
x in r that will result in the correct y 
values. 

 

                     
( ) ( ) ( ){ }7,,2,,1,

3
4

2
3

3
2 −−−=rw �  

 

( )12−

( )22−

1−≠x
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2) Graph ( )xh  and w .  Use your graphs to graph ( ) wxh − . 

 

    
 

3) Determine: 

a) lgD ⋅  

 

b) ( )( )xrlD  

 

( ) { }ℜ∈>−<= xxorxxD xrl ,01))(
 

c) ( )( )xrhR  

 

( ) { }ℜ∈≤≤−= yyyR xrh ,11)(  

d) ( )( )xlwR  

 

 
 

( ) { }7,2,1)( =xlwR  

 

4) How many zeros does ( ) ( )xfxr ⋅  have? 

 
Thus the product will have two zeros: x = 0 and x = 1 

)(xh

w

wxh −)(
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5) Will the product of ( )xf  and ( )xh  be even, odd, or neither? 

)(xf  is an even function and )(xh  is an odd function thus the product will be an odd 

function. 

 
 

6) Graphs of y = f(x) and y = g(x) are given below. Sketch 
)(

)(
)(

xg

xf
xh = on the grid above.  

 
 

 

 

)(xf

)(xg

)(

)(

xg

xf
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7)  Given { })2,2(),0,1(),5,0(),8,1(),6,2( −−−=f  and ( ) 12 += xxg , 

a) graph gf −   

In order to subtract these functions we need to find the points on g(x) that match the x values 
of the points on f(x) 

  
 

 

gf −

 
 

b) state the domain of gf ⋅ : { }2,1,0,1,2 −−=⋅gfD  

 
  (The overlap of the domains) 

c) determine ( )xgf �  when 1−=x    d) determine ( )( )1−gf  

( ))(xgfgf =�      same as c) … I meant ( ))1(−fg  

     
 

e) determine the domain of ( )( )xgf  

 

The other 3 x values are not possible since 112 ≥+x  for all x values. 

  { }1,0 ±=gfD
�  
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8) If ( )
1−

=
x

x
xf  and ( )

1

3
2 −

=
x

xg , find the value of x for which ( )( ) 1=+ xgf . 

  
 

9) Given 3)( += xxf , determine 

 a) )(1 xf −               b) 1−ff �      c) ff �
1−  

  
a) 3)(1 −=−

xxf        b) xff =−1
�              c) xff =−

�
1

 

 

10) Use composition to verify that 
1

1
)(

+
=

x
xf  and 

x

x
xg

−
=

1
)(  are inverses of each other. 

  
 

1±≠x
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11) Given ( ) xxf sin=  and ( )
3

2
π

−= xxg , describe the graph of gf �  as a transformation of the graph 

of f. 

 

12) Given ( )
5

12

+

−
=

x

x
xq , 

a) determine the intercept(s), asymptote(s), intervals of increase/decrease, and end behaviour of the 

function,  

 
b) sketch the graph of the function, 
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c) define an equation ( )xf  and an equation ( )xg  such that ( )
( )
( )xg

xf
xq =  

  
d) justify the properties you found in a) by studying the properties of the functions ( )xf  and  ( )xg . 

( ) 0)( ≠∩= xgandDDD gfxq ; number of zeros = number of zeros of f, if in domain. 

 

 
 both functions have neither odd nor even symmetry and so their quotient also has 

neither symmetry. 

 
13) Given ( ) xxf sec= , where , ππ 22 ≤≤− x  and ( ) xxg log=  determine, 

a) the domain of 
g

f
 

 

 








ℜ∈≤<≠≠= xxxxxD

g

f ,20,
2

3
,

2
,1 π

ππ
  

b) at most, the number of zeros for  
g

f
, do you think this number is accurate? 

 

g

f  has VA at: 

    the VA of f(x) [ x = π/2, 3π/2 ] and  
    the zeros of g(x) [ x = 1 ] 

g

f  has a hole at the VA of g(x) [ x = 0 ] 
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c) the domain of 
f

g
 

  

 








ℜ∈≤<≠= xxxxD

f

g ,20,
2

3
,

2
π

ππ
  

 

 

d) at most, the number of zeros for  
f

g
, do you think this number is accurate? 

 
  note: from the graph is looks like the function has zeros at the VA of f(x), but they  

   are actually holes 

 

14) Given ( ) xxf 3=  and ( ) xxg tan= , where ππ 22 ≤≤− x  determine, 

a) the domain of gf ⋅  

 

 








ℜ∈Ζ∈≤≤−+≠=⋅ xnxnxxD gf ,,22,
2

πππ
π

 

 

 

f

g  has VA at: 

       the VA of g(x) [ x = 0 ] and 
       the zeros of f(x) [none] 

f

g  has a hole at the VA of f(x) [x = π/2, 3π/2 ] 
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b) the range of gf ⋅  

 
 Any real number multiplied by a number larger than zero will still be a real number. 

 
c) at most, the number of zeros for gf ⋅ , do you think this number is accurate? 

 
At most, the number of zeros of gf ⋅  = number of zeros of f + number of zeros of g. 

(Assuming there are no restrictions on the domain or common zeros, i.e.: double roots).  

Thus, at most, the number of zeros of gf ⋅  =    5.   

All the zeros are within the domain and there are no common (double) zeros, thus this 

number is accurate. 
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15) The plucked string of a guitar and the sound as it fades away can be represented by a damped sine 

wave that has an equation of the form ty t πsin2−= .  Sketch a graph of the functions for .20 π≤≤ t    

  
 with graphing programme: 

    

xy −= 2

xy −−= 2

xy πsin=

xy x πsin2 ⋅= −
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16) Let S(t) represent the number of single adults in Canada in year t and M(t) represent the number of 

married adults in Canada in year t.  Let E(t) represent the average amount spent on entertainment by a 

single adult and let N(t) represent the average amount spent on entertainment by a married adult. Using a 

combination of the functions defined above come up with representations for the following functions: 

a) A(t), the number of Canadian adults in Canada in year t. 

A(t) = S(t) + M(t), assuming that all adults are either single or married. 
 

b) B(t), the amount of money spent on entertainment by Canadian single adults in year t. 

B(t) = (amount spent per single adult) * ( number of single adults) 
B(t) = E(t) * S(t) 

 

c) C(t), the amount of money spent on entertainment by Canadian adults in year t. 

   C(t) = amount spent by single adults + amount spent by married adults. 
   C(t) = B(t) + M(t) * N(t) 
   C(t) = E(t) * S(t) + M(t)*N(t) 
 

17) The change function is defined as ( ) ( ) ( )1−−= xfxfxd .   

 
What is the meaning, in terms of f, if  

  f  is increasing    f  is decreasing 
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18) Each of the following graphs is a combination of two of the functions: ( ) xxf = , ( ) xxg 2= , 

( ) 2xxh = , ( ) xxj cos=  and one of the operations: addition, subtraction, multiplication, division, for each 

of the given graphs. State the equation and explain how you know using key features of the functions. 

 

Graph  Equation and Explanation 

 

xxy

xgxhy

2

)()(

2 ⋅=

⋅=
 

The general shape of the curve is that of an 

exponential, thus it must be a combination with 

g(x). 
The function has a zero at x = 0.  g(0) = 1, thus 
either 1 was subtracted or the function was 

multiplied by a function with a zero at  

x = 0. (not divided because no 
asymptotes/holes). 

The y values of a cosine oscillate between -1 
and 1 thus the difference between g(x) and 
f(x) would also oscillate. 
Hence the function must be a product. The 

zero is a turning point thus the function is a 

product of g(x) and a function with a double 
root, h(x). 

 

xxy

xjxfy

cos

)()(

⋅=

⋅=
 

The general shape of the curve is that of a 

sinusoidal, thus it must be a combination with 

j(x). 
The function has a zero at x = 0.  j(0) = 1, thus 
either 1 was subtracted or the function was 

multiplied by a function with a zero at  

x = 0. (not divided because no 
asymptotes/holes).  

The y values of a cosine oscillate between -1 
and 1 now they seem to be oscillating between 

a linear function (when you join one set of 

extrema they form the line y = x; the other 

set forms the line y = - x.  The function is very 

likely a product of j(x) and f(x) . 
Further supporting evidence: 

The zero at x = 0 is a single zero.  The zeros 

of the function are those of both j(x) and f(x) 
j(x) is an even function and f(x) is an odd 
function; the product of an even and an odd 

functions is odd, such as this function. 
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19)  Suppose that some oil has been spilled in water and has formed a circular oil slick.  One minute after 

the spill the radius of the slick is 2 metres and 3 minutes after the spill the radius is 6 metres. 

a) Express the radius, r, of the spill as a function of time, t, if the radius is increasing at a constant rate. 

   
b) Was the radius 0 at time t = 0? 

   
 

c) Express the circumference, C, of the spill 

as a function of time. 

   

d) Express the area, A, of the spill as a function of time. 

  

 

e) Determine the change function for each of the radius, the circumference and the area.  What does it 

tell us about the spill? 
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20) Find the functions f and g such that ( ))()( xgfth =  

 a) ( )9
12)( += xxh            b) 

7

1
)(

2 −
=

x
xh       c) ( )π+= xxh 3sin)(    

        

 d) 4124)( 2 ++= xxxh , given 5)( 2 −= xxf  and )(xg  is a linear function 

   
    d) was challenging! 
 

21) Complete the following table (determine the equation of the function or draw the graph) 
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a) Determine the domain of:   In general, the domain is given by the overlapping x values, quotient 
functions have extra restrictions since the denominator can not equal zero. 

i) ))(( xkf +  

 

{ }ℜ∈= xxD f  

{ }ℜ∈>= xxxDk ,0  

 

{ }ℜ∈>=+ xxxD kf ,0  

ii) ))(( xqp −   

 

{ }ℜ∈≠= xxxDp ,0  

{ }ℜ∈−≠= xxxDq ,2  

 

{ }ℜ∈−≠=− xxxD qp ,2,0  

iii) ))(( xrs  

 

{ }3,2,1=rD  

{ }2,1,0=sD  

 

{ }2,1=rsD  

v) ))(( xgm ÷  

 

{ }ℜ∈= xxDm  

{ }ℜ∈= xxDg  

zeros of g: -2, 0, 2 
 

{ }ℜ∈−≠=÷ xxxD gm ,2,0,2  

v) ))(( xfnp ÷  

 

{ }ℜ∈= xxDn  

{ }ℜ∈≠= xxxDp ,0  

{ }ℜ∈= xxDq  

zeros of f: -2, 2 
 

{ }ℜ∈±≠=− xxxD qp ,2,0  

 

 

b) Determine the range of:   

i) ))(( xsr +  

 

{ })3,2(),6,1(=+ sr  

 

{ }3,6=+srR  

ii) ))(( xgf −   

 

{ }ℜ∈−≥= yyyR f ,4  

{ }ℜ∈= yyRq  

The difference of a quadratic and a cubic is a cubic ∴ 

{ }ℜ∈=− yyR gf  

iii) ))(( xjh ÷  

{ }ℜ∈>= yyyRh ,0  

{ }ℜ∈>= yyyR j ,0  

 

A positive divided by a positive 

results in a positive 

{ }ℜ∈>=÷ yyyR jh ,0  

iv) ))(( xfn  

{ }ℜ∈−≥= yyyR f ,4  

{ }ℜ∈−≤= yyyRn ,1  

 

numbers ≥  -4 will be multiplied by 1, -1  and any 

number in between resulting in positive and negative # 

{ }ℜ∈= yyR fn  
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c) Algebraically, determine whether the following are even, odd or neither 

i) ))(( xfp  

( ) 







−=

2

2 1
4))((

x
xxfp  

  ( ) 










−
−−=−

2

2

)(

1
4)())((

x
xxfp  

  

( )

even

xfpxfp

x
xxfp

∴

=−









−=−

))(())((

1
4))((

2

2

 

 This supports our conclusions: the 

product of two even functions is even. 

ii) ))(( xjn  

)2cos(2))(( xxjn x ⋅= −  

evennot

xjnxjn

xxjn

xxjn

x

x

∴

≠−

⋅=−

−⋅=−
−−

))(())((

)2cos(2))((

)2cos(2))((
)(

 

( )

oddnot

xjnxjn

xxjn

xxjn

x

x

∴

−≠−

⋅−=−

⋅−=−
−

))(())((

)2cos(2))((

)2cos(2))((

 

This supports our conclusions: the product of 

a “neither” with an even function is neither. 

iii) ))(( xmm  

( ) ( )xxxmm
2

1

2

1 sinsin))(( ⋅=  

( ) ( )
( ) ( )

( ) ( )

even

xmmxmm

xxxmm

xxxmm

xxxmm

∴

=−

⋅=−

−⋅−=−

−⋅−=−

))(())((

sinsin))((

sinsin))((

sinsin))((

2
1

2
1

2
1

2
1

2
1

2
1

 

 

This supports our conclusions: the 

product of two odd functions is even. 

iv) ))(( xpm ÷  

( )
22

1 1
sin))((

x
xxpm ÷=÷  

( )

( )

odd

xpmxpm

x
xxpm

x
xxpm

∴

÷−=−÷

÷−=−÷

−
÷−=−÷

))(())((

1
sin))((

)(

1
sin))((

22
1

22
1

 

This supports our conclusions: the quotient of 

one odd function with one even function is 

odd. 

    
d) Determine all the zeros for the function 

 

i) ))(( xfg  

zeros of f :  -2, 2 
zeros of g :  -2, 0, 2 
 

∴ zeros of fg :  -2 (DR), 0, 2 (DR) 

ii) ))(( xgm ÷  

zeros of m :  0, ± π, ± 2π, … in general: ± nπ 

zeros of g :  -2, 0, 2 
 

∴ zeros of m ÷ g :  ± π, ± 2π, … in general ± nπ 

NOT -2 (VA), 2 (VA), 0 (hole) 

iii) ))(( xlf  

zeros of l :  1, x > 0 
zeros of f :  -2, 2 
 

∴ zeros of lg :  1, 2 

iv) ))(( xqh ÷  

zeros of h :  none 
zeros of q :  none 
 

∴ zeros of m ÷ g :  none 
NOT -2 (hole) 
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e) Determine the average rate of change in the interval [1, 3] for the functions 

i)  )(xf  

     

4

13

)3(5

13

)1()3(

=

−

−−
=

−

−
=

ff
RoCavg

 

ii) )(xg  

     

9

13

)3(15

13

)1()3(

=

−

−−
=

−

−
=

gg
RoCavg

 

 

iii) )(xm               

      

25905.0

13

4794.09975.0

13

)1()3(

=

−

−
=

−

−
=

ɺ

ɺ

mm
RoCavg

 

iv)  )(xp  

     

9

4

13

1

13

)1()3(

9
1

−
=

−

−
=

−

−
=

pp
RoCavg

 

 

f) Determine the average rate of change in the interval [1, 3] for the functions 

 

i) ))(( xgf +  

13

94

=

+=

+=+ ffgf RoCavgRoCavgRoCavg

 

ii) ))(( xgm  

This is NOT equal to the product of 

the two avg RoC! 

))(( xgm ( ) ( )xxx
2

13 sin4 ⋅−=  

( ) ( )

2004.8

13

)4382.1(9625.14

13

)1()1()3()3(

13

)1()3(

=

−

−−
=

−

⋅−⋅
=

−

−
=

ɺ

ɺ

mgmg

gmgm
RoCavg

 

 

iii) ))(( xpm −  

7035.0

9

4
25905.0

=

−
−=

−=−

ɺ

ɺ

pmpm RoCavgRoCavgRoCavg

 

iv) ))(( xpf ÷  

This is NOT equal to the quotient 

of the two avg RoC! 

))(( xpf ÷ ( ) ( )22 4 −⋅−= xx  

( ) ( )

24

13

)3(45

13

)1()1()3()3(

13

)1()3(

=

−

−−
=

−

÷−÷
=

−

÷−÷
=

pfpf

pfpf
RoCavg

 

 

 


