MHF 4U — Unit 7: Combining Functions

May 29, 2008.

Review — Solutions

Use the following functions to answer questions 1 — 5
)= =1, g=-27 hw=sinx, w={(-2 1.3, .4 D}» r(x)=—2

1) Determine:

,and [(x)=2logx,
1

X+

a) f+w b) f-r
first determine the corresponding points in #(x) - (xE0 >
f-n= (071 R)=3E F=4 IS
- 3 = ¢ S = (A1) . _x_
2T
Then add the y values. =~ 2 (1) Sy
f+w={(-2,4),(3,10),(4,22)} /
ﬁ: sin x d) ho f
[ 2logx - L\ ( {._H))
= S C“x?’-'i)
e) gow f) wor

substitute the y values in w, as x, into g(x)to
determine the y values of the composition.
gl 301 3-0)
(w(a)= t2) ;)_(22)
x
T = (772

gow={(-2,-2),(3, - 4),(4,-128)}

since the y values of rwill become the x
values of w, we need to find the values of
xin rthat will result in the correct y
values.

r.s - -Z = = 3
>t ( Sl
b -
= szmo - ¥R
el
= "3(,"!‘*12 -0
x 2w ) SO > 1 =
Al 3 =3, i
_ - Iy = i
b Lyt T wpm _ :
—iv=3
Iw=-2z -3
"r: —
'X':-_E- A
3
xX. - ¥
A
M - T D
wF(
?‘;_!—-‘H'ﬂ):u
L
* - =0, x#-—1
“iw T
S
3

wor={3.1.G.2)E.7)}
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2) Graph A(x) and w. Use your graphs to graph A(x)—w

Loy
O e T ew
I | R A
i S ) i S S
DT e o Yy
~4 -Ip—==20_1_2 _Iﬂ‘.\jﬂ_fh(x)
[ ] R A A
EE R
LBl m kW
AR o) B
mle[

————————————————

3) Determine:

a) D,
Dj‘ ¢ - Dj 4 De

{xIx>0 xem]

ul

©) Rir(x)
Rk :€3] -fési
R '{\5\3

e

. ve bt

Y-
o
(0"’5\'. g

%= '?xlwe-nz}
D, = {nl » > 0 xeR)

]1 j eRd

i |

X A t‘ﬂ‘““)

5 ek

Ry =01y <1,

4) How many zeros does r(x)-

ye R}

f(x) have?

rex) has o Fere; x =0
Lixy hat  oe w0 ng

Thus the product will
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have two zeros: x = Oand x = 7

ions

D) Dy(,(,))

Cirenp) = 2 f{i] (";%:)

__?5--~70

et i
s
VA

- e =+
]

—_

v ixe
D) {x|x< 10rx>0x69{}
d) Rwlx)

Ro ={ 1, 2,7]
Kg {3 3‘&&3

_,w&w

T._u'kv\c';'\.»:lhs o
R

R =1.2,7}

w(1(x))
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5) Will the product of f(x) and A(x) be even, odd, or neither?
f(x) is an even function and A(x) is an odd function thus the product will be an odd

function.
Pry 15 an eves fact ,mmt: frx)e x B
- = ()
= x ')

= $xy

L\Cx): [ 'Y
Wi~x)= tm (“Y) F e @T
-x ¢ GO

hix) 3s an odd fack  proot

=l VN ¥

Al

= ch)

‘/”-\('_,/ofocy(drf\(' o 4~ eve— and o~ oddd achaj" cs edd
s ﬂ.L p-"oduo'/' Q’P 'PLX) ﬁ-—\J( LC?(J c8 Dé‘!ﬂ(

‘E.@L“'-—E w Md‘:»ow

th 5‘27]‘
‘xf"-m.t-"’ 2ﬁ
=7

U~ T

Jrsne =4
jiui = ‘
6) Graphs of y = f{x) and y = g(x) are given below. Sketch A(x) = % on the grid above.
g(x
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7) Given f ={(-2,6),(~1,8),(0,5),1,0),(2,—2)} and g(x)=x>+1,
a) graph f —g
In order to subtract these functions we need to find the points on g(x) that match the x values
of the points on 7(x)

mmlz%k] Pl (-2 %) (-1,2) () (2, (2,5)

1 1

|= ==

1 1

1 1
- = -

1 1

1 |
L i@ --

1 [

[ I

] [

1 1
- - -

1 1

1 1
o - -

1 1

1 1
o - -

1 1

1 1

1 1

. ¢ o o x
-3 -2 -1,0 1 2 a3
S B S S N
LAl
T a1 S
eI

b) state the domain of f-¢: D, ={-2,-1.0,1,2}
D.ﬁl f g, '{Df.i“'J DJ :{Xj Ye/?zj
GJ D+ N D

(The overlap of the domains)

¢) determine f o g(x) when x=-1 d) determine f(g(-1))
fog=rf(g) same as ¢) ... I meant g(f (1))

’Q(j("l)) F(z) j(“**)) :j(?)

. A

e) determine the domain of f(g(x))
VaLvts s(: W 'ﬂv-\.a:;" Mh,-
Rg 2D ° x%12l, x*+122
The other 3 xvalues are not possible since x* +1>1 for all xvalues.

D, ={0.£1}
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8)If_f(x):-—311 and g(x)=

X -

(¢ +\j>(>() e, S |

>~ x 5|
Gl*‘j)(*) a )::\ + _-___—‘(j.)(x-l)
(9-1:1) (x) =

X (1) +3
(se+i)(w=1)

X Et e +3
Oca 1) O )

(!

(’f“f)CV"i) = >ty x£+1

O % sy
-y =
9) Given f(x)=x+ 3, determine

a) () b) fof™
&) £7 o D hvese by £k
£ 4 ct-$ = £ (£7060)
£ x=y 3 :‘C(\*_S')
“X‘S"jf‘“gﬂ**' = N—3+43

>—3= £ () N

, find the value of x for which (f + g)(x)=1.

o) feof
) 7
Zle (£ 00)
= £ (e3)
= >+3 -3

=

as S'}EJ'U(h Hws lﬂ'E" Oor—p:JSt‘]'ﬂ)«-\: .Fc,\ll'_l '-'—-Fh‘a-p =

as low, as DF-; Pl

|

a) f(x)=x-3 b) fof ' =x

10) Use composition to verify that f(x) = ! "
X+

and g(x)=

o) flof=x

1-x

are inverses of each other.

Ik Q-a-mf_j art mveeyes o, f—”\j‘x‘—‘»y
Coj_:ﬁ (jjw,) | > = | +< I—'=:;c>r)

e P

- - - 1 =

[

-
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11) Given f(x)=sinx and g(x)=2x— % , describe the graph of f o g as a transformation of the graph

of f.
{o\j z $w (23(—_71")
3

= 5 2(')(--_?{__‘)
[~

Foo has been Compresud  herizentaf AJ o ootoe oF 2
] >y

fromsloded o ﬂ-e- OJL Z quj
&
12) Given q(x)z 2x-1 ,
x+5
a) determine the intercept(s), asymptote(s), intervals of increase/decrease, and end behaviour of the
function,
0‘—) 3'(’“-‘1\'\.'}"1 Lg,\(' ztx) = o 3"’!\"“]' L{,(’ K= 0
=2 e — | =0 7‘07:1-
s
Lo = f
> J
2
VA‘ L!/‘l' d‘-\arv{ln.a\(“’(- =0 . HA. d:,j agnua—arnfw- = o(:,f af- dlon..}.-imﬁu
T+ =02 ST A - 2
x=" 5 j
(divide lead. woetf)
o=l (v mer ¥ xelR as X D o9, t]—;’:z.
Se+§ T8 o W xEMR 68 e —> ~ow

7, J"\'? Z
Log ) s e &R

b) sketch the graph of the function,

E_t:i‘z‘:_../{
l

4
Lo y

- - t.j':z
- ]
b2
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—_
[

N—

¢) define an equation f(x) and an equation g(x) such that g(x)=

oQ

~—
=

N—

-C’Lx]?..?_x‘-'{
j(_)(J: 'X‘-f'b_/

d) justify the properties you found in a) by studying the properties of the functions f(x) and g(x).
D

o =Dy ND, and g(x)# 0; number of zeros = number of zeros of £, if in domain.

fi‘) Dﬁ{'” S hould be D.{: ND and. tx)#+ 0
D_(, lfxlxs.—ﬁz 3\ DJ:{VLJV émj Y5 FD
/
ir\-l'\’-rn.l.s o‘(: mir La/f_. already, bee Lz’pldmzf <rs VA .

B xedt s ad st B 2<4~6S e‘F anﬁf{'w- C-ch))
-Q—C() lmas'i o, x= 0.5 and 0.5 &}

) ‘ in)
S ge) hai  owe Xl

both functions have neither odd nor even symmetry and so their quotient also has
neither symmetry.

13) Given f(x)=secx, where ,— 27 <x <27 and g(x)=1logx determine,

a) the domain of %

™

&) + -~ RO Gas VA at:
\j I‘QJ‘ gl the VA of A(x)[ x = n/2, 3z/2]and

= m , the zeros of g(x)[ x=1]
< has a hole at the VA of g(x)[ x = 0]
Op: vl % Z #nf¥ ~27sxe2d) §

Dg: [xt »70, e} JC0=0 % -

D, ={x|xil,x¢§,%,0<x£2ﬂ',xeiﬁ}
g

b) at most, the number of zeros for % , do you think this number is accurate?

L-) # 24 o8 O'F “p()(j: -

# Ferog 0% {w) = i (}‘-: .")

at st ..f'_ could have 8 ces  of {-Lx)

J

S8 ees  of _'F; ~ .gCCu{‘a.#—f /

j - ‘
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¢) the domain of %

Ji
T

_..(?0 X)Cws Y) D ! D AD ol 53) to
1 J e
bﬁ"* tog x FO P v %O

: el
D\j E i U xtosxs 24, % LT,

Dg_: {*]'1‘_”5"”3&? "*%%HEJ > &, wezj

,ﬂ:{x}, =0 haeg o sol ™ % has VA at:

the VA of g(x)[ x=0]and
the zeros of 7(x)[none]

% has a hole at the VA of A(x)[x = /2, 37/2]

D, ={x|x¢£,3—ﬂ-,0<xé27£, xeR
< 2 2

d) at most, the number of zeros for do you think this number is accurate?

-
B &40l Oc jf”«’]— 1 Cx;l)
b p4of ‘?{: ‘("CS{) = e
ﬂ.'l" l--c.‘JS'J" j_ c,odti Lmn/{_.. e o8 op J(.y)
¢
RS & rv-os-L, W Lol e L -1
r’

20 o ¥ JCx} e D DR (N, IS NI

E LA
f . '

note: from the graph is looks like the function has zeros at the VA of f(x), but they
are actually holes

14)Given f(x)=3" and g(x)=tan x, where — 27 < x<27 determine,
a) the domainof f-g

Dey =2 D, N D Dot Il xem]
3 o

D.: [5(! —eF L = 2% ¥ L +n 7 q-.e-rfi}
o viboes” \j > )

D

T
g :{x|x¢5+nﬂ',—27[3xs2ﬂ,ne Z, xe EK}
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b) the range of f - g
Rg.o at  most qufij Rq_:{“jl U?O’J ek |
Regr(y) ye ) Rty et
Any real number multiplied by a number larger than zero will still be a real number.

¢) at most, the number of zeros for f - g, do you think this number is accurate?

B oy o 37 s 0
k w0y of ha x (wibho -27 2x227) x S (>=%27,%7 9
The # oF s £ #-j = 0+S  abwsk
=g
Sine. fle #ros  ace Ll DP\] LS pomber 1S acourate

At most, the number of zeros of f-g = number of zeros of 7+ number of zeros of g.

(Assuming there are no restrictions on the domain or common zeros, i.e.: double roots).
Thus, at most, the number of zerosof f-g = 5.

All the zeros are within the domain and there are no common (double) zeros, thus this
number is accurate.
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15) The plucked string of a guitar and the sound as it fades away can be represented by a damped sine
wave that has an equation of the form y =27 sin . Sketch a graph of the functions for 0<r <27,

2"{_; %m%‘al a(ecreasﬂj (2—')&: (—2LJ+
V dacp{a&ﬂn- b
g

S07

<

S AE %Jw%‘o} WFI:LUA., ef 1
Fﬂfr'o-t{_ = 7_-;2';

= 0
2'D'rg.v~ (D,S’FJ ~ 0. F0F]

-

o
5
L 277 sm T = O
s | 27" g (nem) & ~0.353¢
a

s

2L sm 2T T O

VY o (257) 2 0. 176
3 273 s 37 =0
1,5 2‘-‘rsmé3-57f)’l‘- ~0. ov &Y

with graphing programme:
o P

...........................................................................

---------------------------------------------------------------------------

___________________________________________________________________________

S IS S W NS SV SO SN SO SO SO
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16) Let S(t) represent the number of single adults in Canada in year t and M(t) represent the number of
married adults in Canada in year t. Let E(t) represent the average amount spent on entertainment by a
single adult and let N(t) represent the average amount spent on entertainment by a married adult. Using a
combination of the functions defined above come up with representations for the following functions:

a) A(t), the number of Canadian adults in Canada in year t.
A(t) = 5(1) + M(1), assuming that all adults are either single or married.

b) B(t), the amount of money spent on entertainment by Canadian single adults in year t.
B(1) = (amount spent per single adult) * ( humber of single adults)

B(1) = E(1) * 5(1)

c) C(t), the amount of money spent on entertainment by Canadian adults in year t.
C(1) = amount spent by single adults + amount spent by married adults.

) = B(t) + M(1) * N(1)
at) = E(1) * 5(1) + M(1)*N(T)

17) The change function is defined as d(x)= f(x)— f(x—1).

ok Lot d (<) = +ux) --ﬁ(x«:)
Lixy = 4 valve

FO-) 2y valoe

What is the meaning, in terms of f, if

b aport dofle [eft oF Lo

&y doy ?0 ) dix <o ) diex}=o0
bty = HFex-y 20 Fooy- e <o fixy~ Fix-) =0
Feo > Fox) & ot foa = Foe)
.o Ao 0 ?hméwj oo s a[z_aus.j 55 %&*%ﬁt&tg}?#
valwes Gre H j“’“t"‘*-" Ore Ou#,»j 3»./& 3
% i :] srmaller, equals

'I:"H.tr -

f is increasing f is decreasing
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18) Each of the following graphs is a combination of two of the functions: f(x)=x, g(x)=2",

h(x)=x*, j(x)=cosx and one of the operations: addition, subtraction, multiplication, division, for each
of the given graphs. State the equation and explain how you know using key features of the functions.

Graph

Equation and Explanation

y=h(x)- g(x)
y = X2 . 2x

The general shape of the curve is that of an
exponential, thus it must be a combination with
g(x).

The function has a zero at x = 0. g(0) = 1, thus
either 1 was subtracted or the function was
multiplied by a function with a zero at

x = 0. (not divided because no
asymptotes/holes).

The y values of a cosine oscillate between -1
and 1 thus the difference between g(x)and
F(x)would also oscillate.

Hence the function must be a product. The
zero is a turning point thus the function is a

product of g(x)and a function with a double
root, A(x)

,,,,,,,,,,,,,,,

e,
=
I

Y\

—2-Jitto0 A 7 6 f 4 2

,_.
e
.

1
B
| e

X/

I
-
I

y=fx)-jx)

y=X-COSX

The general shape of the curve is that of a
sinusoidal, thus it must be a combination with
Jx).

The function has a zero at x = 0. j(0) = 1, thus
either 1 was subtracted or the function was
multiplied by a function with a zero at

x = 0. (not divided because no
asymptotes/holes).

The y values of a cosine oscillate between -1
and 1 now they seem to be oscillating between
a linear function (when you join one set of
extrema they form the line y = x; the other
set forms the liney = - x. The function is very
likely a product of ji(x)and 7(x).

Further supporting evidence:

The zero at x = 0 is a single zero. The zeros
of the function are those of both j(x)and f(x)
J(x)is an even function and £(x)is an odd
function; the product of an even and an odd
functions is odd, such as this function.

MHEF 4U Unit 7 Review - solutions
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19) Suppose that some oil has been spilled in water and has formed a circular oil slick. One minute after
the spill the radius of the slick is 2 metres and 3 minutes after the spill the radius is 6 metres.
a) Express the radius, r, of the spill as a function of time, ¢, if the radius is increasing at a constant rate.

¢ T 2m

{:'-:"Ir-»-\.\‘v\

EZ3mn 2

rd-(. s wmsJuAJ’ q\/J_ m-k IS _5____?'

i
:_2'(,’+b/ L{;I—L(?g,ﬂtgw]-

¢ C‘H = 2% s ﬁq, \‘:L?,"\ o(‘ cadivs ag a.L«;[* u“p me

b) Was the radius O at time r = 0?
fLle) = ©

c¢) Express the circumference, C, of the spill d) Express the area, A, of the spill as a function of time.
as a function of time.

Cey= 27¢ A=
(e} =

A-({‘Lt‘h 7(26)
C (eew) = Qﬂ(‘?é’) - ’f(‘fﬂ’)

e) Determine the change function for each of the radius, the circumference and the area. What does it
tell us about the spill?

viE) =)= 2e - 2er)
27— 2w +1

s »{-i |s> icrmsJ G‘l‘ o Comphedt ru#_',)

r

4]

CUY = (=)= HT L - 9T(+1)
= HT L -4 TE+HT

=47 >0 (“‘L* %54‘4“’{"’5

€ Ctmrtr e 3 1\'\Lr‘u\SU 0—.4( > 2 S facke then vadis

hiE) - Alta) = QyLt- HT({;-:)L
ST T2 )

WAL HTEE ¥ Tt 4T

ETE -4

= 4F Cli’")

I

f
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20) Find the functions f and g such that h(¢) = f (g (x))
¢) h(x)=sin(3x + )

a) h(x)=(2x+1)° b) h(x)= 21
x —
. Gl L‘(‘)().__ ‘ C) l"l(X_] = S CSXTH‘)
ﬂk(y]:ﬁlwﬂ) k) - -;—‘::"; B
| Su}: Ix i
(x)= 2x7 = x>
4 _ a—
)= X oo =
d) h(x) =4x* +12x+4, given f(x) =x? -5 and g(x) is alinear function
2 .
b=z ()5 60 T £ -3
b Ax= 3= q
htayz GOt ea+rd (a®tba +7-9)+y
. ;6144,4\-{-‘?)-‘?—#‘1
flay= ab- &
= C.a.. -+ 3) Z"'" 5
j‘ (& = a+J
j (%} = A +3
d) was challenging!
21) Complete the following table (determine the equation of the function or draw the graph)
B o
Ilr’\\ | }
- ] =
ER SR
\f
i
LoE]
J |
fix)=x*-4 g(x)=x"—dx h(x)=2*1 jx)=27"
.'._\\\ Y .\./.::_# ...\/::/ - ; / ,
kix)=log,(x)+1 l{x)=—log, x mix)= :x']'lll 5X) nix)=cos(2x)
Page 14 of 17.
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plx)= Xt

gx)=(x+2)"

rix)=1{(1 3.(2, 4).(3, 5))

sla)= (0, 2001 302, -1}

a) Determine the domain of: In general, the domain is given by the overlapping x values, quotient
functions have extra restrictions since the denominator can not equal zero.

) (f+k))

Df:{x|xe9t }
Dkz{x|x>0,xe9{}

Dy :{x|x>0,xe R}

i) (p-g)(x)

1) (rs)(x)
D, ={x x#0, xe R} D, ={1,2,3}
Dq={x|x¢—2,xe EK} D, =10,1,2}
D, = {x| x#0,-2, xe EK} D, =112}

V) (m+g)(x)
D, :{x| xeR }
D, = {x| xX€ 9{}

zeros of ¢. -2,0, 2

D,., ={x| x#-2,0,2, xe EK}

V) (np+ f)(x)

D, :{x| X€e 93}
D, :{x| x#0,xe 9{}
D, ={x| xe 9{}

zeros of £ -2,2

D, :{x| x#0,12, xe 9?}

b) Determine the range of:

1) (r+s)(x)
r+s=1{106), (2,3)}

R, = {6’3}

1) (f-g)x)

sz{y|y2—4,ye9{}
R, =1y ye %}

R, =1 ye®}

The difference of a quadratic and a cubic is a cubic ..

i) (n+ j)(x)
R,={y| y>0, ye %}
R; :{y| y>0,ye 9?}

V) (fin)(x)
Ry =1y y2—4, ye R}

R, =Dy <-1 ye %}

A positive divided by a positive
results in a positive

Rh+,-={y|y>0,y€9i}

numbers = -4 will be multiplied by 1, -1 and any
number in between resulting in positive and negative #

an:{/V| yEEK}

MHEF 4U Unit 7 Review - solutions
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c) Algebraically, determine whether the following are even, odd or neither

D (f)x)

o= - 4{12)
X

1
()0 =(07 - 4{ 7 ]

(0= -4] =
X
(P)(x) = (fp))

.ooeven
This supports our conclusions: the
product of two even functions is even.

i) (jn)(x)
(jn)(x)=2"" - cos(2x)
(jn)(—=x) =27 . cos(—2x)
(jn)(=x) = 2" - cos(2x)
(jm)(=x) # (jn)(x)
not even
— (m)(x) = —(27 - cos(2x))
—(jn)(x) = 2" - cos(2x)
= (jm)(x) # (jn)(—x)
not odd
This supports our conclusions: the product of
a "neither” with an even function is neither.

1) (mm) ()

(mm)(x) = sin(% x)- sin(% x)
(mm)(—x) =sin(—%x) sin(~ 1x x)
(mm)(— x)——sm( x)-—sin (%x)
(mm)(— x)—sm( ) sm( )
(mm)(—x) = (mm)(x)

.oeven

This supports our conclusions: the
product of two odd functions is even.

V) (m+ p)(x)
(m+ p)(x)=sin (% x)+ Lz

1
(-x)*

x
(m=+ p)(=x) = sin(— %x)+

(m+ p)(—x) =—sin(L x )+xi2

(m =+ p)(=x) ==(m+ p)(x)

s odd
This supports our conclusions: the quotient of
one odd function with one even function is
odd.

d) Determine all the zeros for the function

D (fg)(x)

zeros of £: -2,2

zeros of g: -2,0,2

.. zeros of fg: -2 (DR), 0, 2 (DR)

1) (m+g)(x)
zerosof m: 0,+tm, +2m, ..
zeros of g: -2,0,2

in general: = nn

- zerosof m=g: tm, £2m, ..
NOT -2 (VA), 2 (VA), 0 (hole)

1) (1) (x)
zerosof /: 1,x>0
zeros of £: -2,2

- zerosof lg: 1,2

V) (h+ g)(x)
zeros of A: none
zeros of ¢: none

. zeros of m+g: none
NOT -2 (hole)

MHEF 4U Unit 7 Review - solutions
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e) Determine the average rate of change in the interval [1, 3] for the functions

) fx i) g(x)
avg RoC= O] avg RoC = gd—g)
3-1 3-1
_5-(-3) _15-(-3)
3-1 3-1
1i1) m(x) V) p(x)
avg RoC :—m(3)—m(1) avg RoC = —p(3)— p)
3-1 3-1
. 0.9975-0.4794 k-1
3-1 C3-1
=0.25905 -4
9

f) Determine the average rate of change in the interval [1, 3] for the functions

D (f+g))

avg RoC,,,=avg RoC;+avg RoC,

=4+9
=13

11) (gm)(x)
This is NOT equal o the product of
the two avg RoC!

() = [ = 4x)- sin L x)
(gm)3)—(gm)1)

3-1
_8B)-m3)—g)-m()
B 3-1
. 14.9625—(—1.4382)

B 3-1
=8.2004

avg RoC =

1ii) (m- p)(x)

avg RoC,_,=avg RoC, —avg RoC,

= 0.25905—_—4
9

=0.7035

V) (f+ p)()
This is NOT equal o the quotient
of the two avg RoC!

(e pe = —4) x2)
avg RoC = (f +P)3-(f + P

3-1
_fB)+=pB)— 1)+ p)
- 3-1
_45-(=3)

o 3-]

=24
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